The existence-uniqueness theorem for a system of differential equations in the spaces l2r+1 by Allahabi, Fateh Abdo Ali
Malaysian Journal of Mathematical Sciences 5(1): 111-123 (2011) 
 
The Existence-Uniqueness Theorem for a System of 
Differential Equations in the Spaces 2 1.rl +
 
 
Fateh Abdo Ali Allahabi  
Department of Mathematics, Faculty of Science,  
Universiti Putra Malaysia, 





We study an infinite system of differential equations of the second order. Some 
special cases of the system result from application of the decomposition method to 
some hyperbolic equations. We discuss the existence and uniqueness questions in the 
space 2 1rl + . The proved theorem enables us to investigate some optimal control and 
differential game problems described by such a system. 
 




Some of the control problems for parabolic and hyperbolic partial 
differential equations can be reduced to the ones described by infinite 
systems of ordinary differential equations by using the decomposition 
method. For example, Chernous'ko (1992), Ibragimov (2003) and Satimov 
and Tukhtasinov (2007) investigated the control and differential game 
problems described by the following infinite system of differential 
equations: 
 
= , = 1, 2,...,k k k kz z w kµ+ɺ                               (1) 
 
where , = 1,2,...,kw k  are control parameters, 1,k kz w R∈ and  
 
1 2, 0 < ... ... ,k kµ µ µ µ≤ ≤ ≤ ≤ → ∞
 
 
are eigenvalues of the elliptic operator 
 
, =1
= ( ) .
n
ij




−   ∂ ∂ 
∑  
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Different game problems for the system 
 
= , = 1,2,...,k k k kz z w kµ+ɺɺ                 (2) 
 
have been considered by Satimov and Tukhtasinov (2007). Hence, there is a 
significant relationship between control problems described by partial 




STATEMENT OF PROBLEM 
Let 1 2, ,...λ λ  be a sequence of positive numbers, and r  be a fixed 











Let 22 (0, ; )rL T l  be the space of functions 1 2( ) = ( ( ), ( ),...)f t f t f t  with 
measurable  coordinates 1 2( ) = ( ( ), ( )), 0 ,k k kf t f t f t t T≤ ≤  subject to   
 
( )2 21 22
2 =1 0





f f t f t dtT l λ
∞
⋅ + ∞∑ ∫
 
 
where T  is a given positive number.  
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∑ ∑
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where ,k kα β  are real number 
 
2




1 11 21 1 2= ( , ,...) , = ( , ),r k k ky y y l w w w∈ 21 2 2( ) = ( ( ), ( ),...) (0, ; ).rw w w L T l⋅ ⋅ ⋅ ∈  
 
The system (3) is obtained if we take in (2) 
 
1 2= ,  = , = .k k k k k k k k kz x iy i w w iwµ α β+ − +  
 





2 0 10 20 10 10 20 20
1 =1
1 2
0 0 0 0 2 0
1
=1
( ) = ( ( ),  ( ),...),  ( ) = ( ( ),  ( )),  | |=  ,                 
2|| || ( ),  = ( ,  ,...) = ( ,  ,  ,  ,...),  
2
= ( , ),  || || = (





k k k k kl
r k
z t z t z t z t x t y t z x y
z x y z z z x y x y













∑ 20 ),  k
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2
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= ( ,  ,...)= ( ,  ,  ,  ,...),  = ( ,  ),  











Definition.  Let 22( ) (0, ; ).rw L T l⋅ ∈
 
A function  1 2( ) = ( ( ),  ( ),...),z t z t z t  
 0 ,t T≤ ≤
 
with continuous coordinates ( )kz t
 
satisfying the initial 
conditions 0 0(0) = ( , ),k k kz x y 1 1(0) = ( , ),   = 1, 2,...,k k kz x y kɺ
 
is said to be 
solution of the  system (3) if ( )kz tɺɺ  exists almost everywhere on [0, ]T  and 
satisfies the system (3) almost  everywhere on [0, ].T  
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1 2 2 1 21 2 1
2 2 2 1
cos( ) sin( )( ) = ,   ( ) = ( ),   = ,
sin( ) cos( )
k k k k kr tk k k k
k k k k
r t r t r r
A t e A t A t R
r t r t r r
− −   
−   
   
 ( ) ( )11 2 1 21 1( ) = ( ) ( ) , ( ) = ( ) ( ) ,2 2k k k k k k kA t A t A t B t R A t A t
−+ −
  
                    (4) 
 
2 2 2 2
1 2= , = ,   = 1,2, .2 2
k k k k k k
k kr r k





2 2 2 24
1 2 = = = .k k k k k kr r r α β λ+ +
 
 
It can be shown that the matrices 1( )kA t , 2 ( )kA t  have the following  
properties:             
  
* 1
1 1 1 1 1 1 1( ) = ( ) ( ) = ( ) ( ),  | ( ) |=| ( ) |= | | ,  (5)kk k k k k k k k k kr tA t h A t A h A h A t A t z A t z e z+
    
 
* 1
2 2 2 2 2 2 2( ) = ( ) ( ) = ( ) ( ), | ( ) |=| ( ) |= | |, (6)kk k k k k k k k k kr tA t h A t A h A h A t A t z A t z e z−+
 
where *A  denotes the transpose of the matrix .A  Combining (3), (4) ,and 
(5), we obtain 
 
1 11( ) | ( | | | |) | | .
2
k k
k k k k k
r T r TA t z e z z e z≤ + ≤                                 (7) 
 
Similarly, we can show that 
 
11( ) |  | | .kk k k
k
r TB t z e z
r
≤                                                  (8) 
Also we obtain 
 
1
1 2 1|| ( ) ||   || ( ) || 1  1,kk k r TA t E A t e− ≤ + ≤ +  
1
2 2 2|| ( ) ||   || ( ) || 1  1 2,kk k r TA t E A t e−− ≤ + ≤ + ≤  
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Let 2(0, ; )rC T l be the space of continuous functions 
1 2( ) = ( ( ), ( ), ), 0 ,z t z t z t t T≤ ≤⋯  with the value in the space 2rl . The 
following theorem is true. 
  
Theorem 1. If 1{ }k k Nr ∈  is a bounded above sequence, then the infinite system 





( ) ( ) ( ) ( ) ( ) .
t
k k k k k k kz t A t z B t z B t s w s ds= + + −∫               (9) 
 
Moreover, 2( ) (0, ; ).rz C T l⋅ ∈ɺ    
 
Proof: 01 . Proof that 21 2 1( ) = ( ( ), ( ), ) rz t z t z t l +∈⋯  for each [0, ].t T∈  
 










  ≤ 
 
∑ ∑                                               (10) 
 






| ( ) | 3 | ( ) | | ( ) | | ( ) ( ) | , [0, ].
t
k k k k k k kz t A t z B t z B t s w s ds t T
  
 ≤ + + − ∈ 
   
∫  
 





1. | ( ) | | ( ) | ,
t t
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then  from the relations (7), (8) we get 
 
2 2 2 2 2 2 2
0 12 2
0
1 1| ( ) | 3 | | | | | ( ) |
t
T T T
k k k k
k k
z t e z e z e t w s ds
r r
γ γ γ  ≤ + +   
  
∫  
2 2 2 2
0 12 2
0






e z z w s ds t T
r r





2 1 2 2 1 2 2
0 1
0
| ( ) | 3 | | | | | ( ) | , [0, ].
T
r T r r r
k k k k k k k kz t e z z T w s ds t T






1 2 2 1 2 2 2
0 1
=1 =1 =1 =1 0
| ( ) | 3 | | | | | ( ) | .
T
r T r r r
k k k k k k k k
k k k k
z t e z z T w s dsγλ λ λ λ
∞ ∞ ∞ ∞
+ + ≤ + + 
 





2 0 2 1 2 2 2
1 1
2 2 2 2|| ( ) || 3 || || || || || ( ) || .(0, ; )Tl l l L
r r r r
z t e z z T w T l
γ
+ +







1( ) rz t l +∈  at each [0, ]t T∈ . 
 
02 .  Proof that 21 2( ) = ( ( ),  ( ),....)k rz t z t z t l∈ɺ ɺ ɺ  for each [0, ].t T∈   
 





( ) = ( ) ( ) ( ) ( ))
t
k k k k k k k kz t R B t z A t z A t s w s ds+ + −∫ɺ .                (11) 
 
Analysis similar to that in the proof of 2 1( ) (0, ; )rz C T l +⋅ ∈  shows that 
 
( )22 0 2 1 2 2 2
1
2 2 2 2|| ( ) || 3 || || || || || ( ) || .(0, ; )
T
l l l L
r r r r
z t e z z T w T l
γ
+
≤ + + ⋅ɺ  
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Thus, 2( ) , [0, ]rz t l t T∈ ∈ɺ . 
 
02  Proof that the function ( )z t , [0, ]t T∈  is continuous in 2 1rl + . 
 
A. For > 0h , we have  
0 1
0
( ) ( ) = ( ) ( ) ( ) ( )
t h
k k k k k k k kz t h z t A t h z B t h z B t h s w s ds
+




( ) ( ) ( ) ( )
t






    
0 1= ( ( ) ( )) ( ( ) ( ))k k k k k kA t h A t z B t h B t z+ − + + −            
  
0
( ( ) ( )) ( ) ( ) ( ) .
t t h
k k k k k
t
B t h s B t s w s ds B t h s w s ds
+
+ + − − − + + −∫ ∫      
 
According to (4) we get 
 
1 1 0 2 2 0
1 1( ) ( ) = ( ( ) ( )) ( ( ) ( ))
2 2k k k k k k k k
z t h z t A t h A t z A t h A t z+ − + − + + −  
 
( ) ( )1 11 1 1 2 2 11 1   ( ) ( ) ( ) ( )2 2k k k k k k k kR A t h A t z R A t h A t z





    + ( ( ) ( )) ( )
2
t
k k k kR A t h s A t s w s ds





1 ( ( ) ( )) ( ) ( ) ( ) .
2
t t h
k k k k k k
t
R A t h s A t s w s ds B t h s w s ds
+
−
− + − − − + + −∫ ∫  
 
Then employing the relations (5), (6) we obtain 
 
1 2 1 0 2 2 2 0
1 1( ) ( ) = ( ( ) ) ( ) ( ( ) ) ( )
2 2k k k k k k k k
z t h z t A h E A t z A h E A t z+ − − + −  
 
1
1 2 1 1
1 ( ( ) ) ( )
2 k k k k
R A h E A t z−+ −  1 2 2 2 1
1 ( ( ) ) ( )
2 k k k k
R A h E A t z−− −  
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1 ( ( ) ) ( ) ( )
2
t
k k k kR A h E A t s w s ds





1 ( ( ) ) ( ) ( )
2
t
k k k kR A h E A t s w s ds
−
− − −∫




B t h s w s ds
+
+ + −∫  
 
 According to (10), where = 7n  we obtain 
 
( ) ( )
2 2
2
1 2 1 0 2 2 2 0
1 1( ) ( ) 7 ( ) ) ( ) ( ) ) ( )
2 2k k k k k k k k
z t h z t A h E A t z A h E A t z
























1 ( ( ) ) ( ) ( )
2
t
k k k kR A h E A t s w s ds
−
 





















 it follows from  (5), (6), and (8) that 
 
2( ) ( )k kz t h z t+ −  
 
2 22 2 2 2
1 2 0 2 2 0
1 17 || ( ) || || ( ) ||
4 4
T T
k k k kA h E e z A h E e z






1 2 1 2 2 12 2
1 1|| ( ) || || ( ) ||
4 4
T T
k k k k
k k
e eA h E z A h E z
r r
γ γ
+ − + −
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eA h E w s ds
r
γ  












eA h E w s ds
r
γ  



















( )2 2 21 2 2 27 || ( ) || || ( ) ||4 T k ke A h E A h Eγ≤ − + −  
2 2
2 2 2
0 12 2 2
0
1 1 7| | | | | ( ) | | ( ) | .
t t h
T
k k k k
k k k t
z z w s ds e w s ds
r r r
γ
+    
 × + + +   
     




( )1 2 2 2 21 2 2 2
=1 =1
7| ( ) ( ) | || ( ) || || ( ) ||
4
r T
k k k k k
k k
z t h z t e A h E A h Eγλ
∞ ∞
+ + − ≤ − + −∑ ∑  
 
2 2
1 2 2 2
0 1
=10
| | | | | ( ) | 7 | ( ) | .
t t h
r r r T r
k k k k k k k k
k t
z z w s ds e w s dsγλ λ λ λ
+∞
+
    
 × + + +   
     




2 1 2 3
1
2|| ( ) ( ) || ,
l
r
z t h z t I I I
+
+ − ≤ + +  
where 
 
( )2 2 21 1 2 2 2
=1
7












| | | | | ( ) | ,
t
r r r
k k k k k kz z w s dsλ λ λ+
  
 × + +  
   
∫  
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( )2 2 22 1 2 2 2
= 1
7





I e A h E A h Eγ
∞
+






| | | | | ( ) | ,
t
r r r
k k k k k kz z w s dsλ λ λ+
  
 × + +  
















∑ ∫  
 
Since T Tk1 2 k2 2e 1,  || A (t) E || e 1   and || A (t) E || 2,γ γ≥ − ≤ + − ≤  we have 
 
2 2 2




4 1 2 2 2
2 0 1
= 1 0
28 | | | | | ( ) | .
T
T r r r
k k k k k k
k N





≤ + + 
 
∑ ∫  
 
Since the series 
 
1 2 2 2
0 1
=1 =1 =1 0
| | ,  | | ,  | ( ) |
T
r r r
k k k k k k
k k k
z z w s dsλ λ λ
∞ ∞ ∞
+∑ ∑ ∑ ∫  
 
are convergent, therefore for any positive number > 0ε  there exists a 
positive integer N  such that 2 < /3I ε . Now we think about 1.I  
 
 
Since the sum in 1I consists of finite number of summands and  
 
( )2 21 2 2 2|| ( ) || || ( ) || 0,   k=1,...,N,k kA h E A h E− + − →  
 
as 0h → , for any positive number > 0ε  there exists 1 > 0δ  such that 
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he w s ds he w T l
γ γλ
∞




7 || ( ) || 0(0, ; )T L
r
e h w T l
γ
⋅ →  as 0,h →  then we can choose 2 > 0δ  
such that 3 < / 3I ε  whenever 20 < <h δ . 
Thus, 2
1
2|| ( ) ( ) ||
l
r
z t h z t
+
+ −  can be done less than any positive number > 0ε  by 
choosing 1 2= { , }minδ δ δ  and N . This means ( )z t  is continuous at each 
[0, ]t T∈  from the right. 
 
B. Now consider 2
1
2|| ( ) ( ) || , > 0.
l
r
z t z t h h
+
− −  We have 
0 1
0
( ) ( ) = ( ) ( ) ( ) ( )
t




( ) ( ) ( ) ( )
t h
k k k k k kA t h z B t h z B t h s w s ds
−
− − − − − − −∫  
 
1 1 0 2
1 1
= ( ( ( )) ( )) ( ( ( ))
2 2k k k k
A h t h A t h z A h t h+ − − − + + −  
( )12 0 1 1 11( )) ( ( )) ( )2k k k k k kA t h z R A h t h A t h z
−
− − + + − − −  
( )1 2 2 11 ( ( )) ( )2 k k k kR A h t h A t h z
−





1 ( ( ) ( )) ( )
2
t h
k k k kR A h t h s A t h s w s ds
−








− + − − − − −∫
t h
k k k kR A h t h s A t h s w s ds  




B t s w s ds
−
+ −∫  
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1 2 1 0 2 2 2 0
1 1
= ( ( ) ) ( ) ( ( ) ) ( )
2 2k k k k k k
A h E A t h z A h E A t h z− − + − −  
( )1 1 2 1 11 ( ) ) ( )2 k k k kR A h E A t h z
−+ − −  
( )1 2 2 2 11 ( ) ) ( )2 k k k kR A h E A t h z
−




1 ( ( ) ) ( ) ( )
2
t h
k k k kR A h E A t h s w s ds
−









− − − − + −∫ ∫
t h t
k k k k k k
t h
R A h E A t h s w s ds B t s w s ds   
 
By analogy with 2
1
2|| ( ) ( ) || ,
l
r
z t h z t
+
+ −  we can show that for any given 
number > 0ε  there exists > 0δ  such that 2
1
2|| ( ) ( ) || <
l
r
z t z t h ε
+
− −  whenever 
0 <h δ< . Thus,  2 1( ) (0, ; )rz C T l +⋅ ∈ . In the same manner we can see that 




In this paper, we have studied an infinite system of differential 
equations. We have proved Theorem 1 when the function ( )w ⋅  satisfies an 
integral constraint. This theorem plays a central role in studying control 
problems described by such a system, since the system (1) can be considered 
from the point of view of the Control Theory. For example ( )w ⋅  can serve as 
the control function that satisfies the integral constraint. It is clear that this 






( ( ) ( )) .k k
k
w s w s ρ
∞
+ ≤∑  
 
Therefore the obtained result can serve as basis for some problems 
of the Control Theory and enables us studying the control and differential 
game problems for such an infinite systems of differential equations. 
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